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Abstract 

Local observation is an important problem both for the foundations of a quantum 
theory of gravity and for applications to quantum-cosmological problems such as eternal 
inflation. While gauge invariant local observables can't be defined, it has been argued 
that appropriate relational observables approximately reduce to local observables in cer- 
tain states. However, quantum mechanics and gravity together imply limitations on the 
precision of their localization. Such a relational framework is studied in the context of 
two-dimensional gravity, where there is a high degree of analytic control. This example 
furnishes a concrete example of some of the essential features of relational observables. 
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1. Introduction 

An important question for a quantum-mechanical theory of gravity is the nature of 
its observables. Specifically, it is of great interest to understand how local observation can 
be defined, and whether there are any limits to such locality. There are several reasons for 
this. The first is that we are manifestly local observers in a quantum universe. Indeed, 
quantum effects become very important in describing many scenarios for the evolution of 
the early universe. This is particularly true of eternal inflation scenarios, where we may live 
in one small bubble among a quantum multitude of different regions. Attempts to make 
sense of this picture and our role inevitably rely on statements about local quantities, thus 
motivating the need for a firmer underpinning to such observation. Moreover, the issue of 
locality and local observation may play a central role in formulating a full quantum theory 
of gravity. This is in particular suggested by the black hole information paradox, which is 
a sharp challenge to any attempt to reconcile the principles of quantum mechanics with 
those of gravity. But, without some notion of locality, in a strong sense there is no black 
hole information paradox; conversely, it is widely believed that some breakdown of the 
locality of effective field theory is responsible for the resolution of the paradox. 

Thus to begin addressing some important problems in gravity one would like an un- 
derstanding of local observation. However, as we will review, diffeomorphism invariance 
prevents the existence of local observables. There is a clear tension between this and the 
fact that all we can truly observe is localized - we have no access to infinity. A proposed 
resolution of this is the notion of a relational observable. In essence, localization of an 
observation must be performed in relation to some background state (us, our detector, the 
planet, etc.). A very interesting consequence of this is that there are intrinsic limits, from 
both quantum and gravitational effects, on the precise localization of any such observation. 
If, as one might expect, no other notion of local observables exists, this strongly suggests 
intrinsic limits to the very notion of locality. 

Many of these points were outlined in a recent paper [0. However, a precise example 
requires control over the quantum theory, which goes beyond the limits of present attempts 
to quantize gravity, such as string theory. But, as pointed out in |JJ, one example with a 
number of the essential features is a two-dimensional theory of gravity. In two-dimensions 
the dynamics of gravity is greatly simplified; at the classical level it is trivial. Many 
aspects of such a diffeomorphism-invariant theory are well understood; in particular, when 
2d gravity is coupled to 25 free matter fields, the result is a theory indistinguishable from 
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the world-sheet theory of the critical bosonic string. Thus one should be able to construct 
and study relational observables there. 

The purpose of this paper is to carefully explain these points, and thus construct a 
non-trivial example of quantum relational observables and some of their properties. The 
next section begins with a basic review of some of the ideas of relational observables. 
Section three then describes the basic features of two-dimensional gravity, and explains 
how to formulate relational observables in this theory. Section four explicitly computes 
correlators of such relational observables.@ We find that these correlators reduce, in an 
approximation, to correlators of local observables in two-dimensional spacetime. However, 
the failure of this localization to be precise is an example of the quantum limitations 
mentioned above. We conclude with some discussion. 

2. Quantum relational observables 

In quantum field theory, local observables are local gauge-invariant combinations of 
the basic fields. The problem in the context of gravity is diffeomorphism invariance. Given 
a local scalar operator 0(x), a diffeomorphism with parameter £ M acts on it as 

6sO(x) = e^O{x) . (2.1) 

Thus no local operator is invariant under the gauge symmetry of gravity. 

This produces an important tension - the observations we make are manifestly ap- 
proximately local, and certainly physics should supply a mathematical description of what 
we observe. 

A proposed resolution of this conundrum is the notion of a relational observable. The 
idea that observation is relative to the observer certainly traces back to Einstein; classical 
relational observables were long-ago written down by DeWitt||, and have more recently 
been studied in simple one-dimensional examples in [Q-|8[]. More recently, PJ outlined the 
construction of quantum relational observables in non-trivial field theories. 

Relational observables define localization with respect to features of a background 
state. This background state can be taken to be diffeomorphism invariant if in particular 
it satisfies the Wheeler-deWitt equation. Moreover, the relational observables also can be 

1 For previous discussion of a different kind of relational observable in 2d dynamical triangu- 
lations, see ||. 
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defined to be diffeomorphism invariant, for example by integrating scalar operators over 
spacetime to yield invariants under (|2.1|). 

The key is to recover from such a framework some approximate notion of a local 
observable. The work of |]J described some of the features needed to approximately derive 
local observables, and outlined some examples. One of these is the Z-model. In this model 
one considers some background scalar fields Z % , in a quantum state such that in some region 
they evolve linearly with some coordinate. Then, schematically, one defines a relational 
observable for another scalar field 4>(x) by the expression 

0^= I d 4 xV=g<t>(x)H8(Z\x)-e) (2.2) 

for given parameters £\ The delta functions would classically isolate (p at a definite point. 
This expression is classically diffeomorphism invariant, but must be renormalized in the 
quantum theory. Some general aspects of the quantum definition of such an operator were 
described in and it was argued that the fact that Z l ', 0, and g are quantum fields pro- 
hibits a precise localization at a point, and places other limitations on localization. Those 
arising due to gravitational physics are particularly of interest, and suggest a gravitational 
nonlocality principle; see the locality bound of refs. [p|, |To| , |TT]| as well as its multiparticle 



generalization p2| which is related to instrumentation limits on the degree to which one 
can localize to a collection of points in a region of spacetime J]J. 

This example of the general framework illustrates various essential features. In partic- 
ular the critical ingredients to recovering local operators from such a relational framework 
are the specification of certain kinds of states and operators. Only in specific cases does 
one recover local observables from more general diffeomorphism-invariant amplitudes; for 
example in a more general state the expectation value of might be defined, but not 
localize. Moreover, the recovery of a local observable has inherent limitiations arising from 
both quantum and gravitational effects, some of which were outlined in |TJ. In short, in 
this framework, locality is both relative and approximate. 

In defining operators such as (|2.2|) in four or more dimensions, a difficult point is 
proper regularization and renormalization. Without gravity, this could for example be 
accomplished through a cutoff prescription. Gravity can to a limited extent be treated 
this way as well, but that clearly leaves some important questions unanswered and in 
particular one loses control in the planckian domain. While a number of the properties of 
such operators are expected based on very general properties of quantum mechanics and 
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gravity, and thus are expected to be robust, it would clearly be helpful to have a precise 
formulation of such theories and their observables. And indeed, one expects that if the 
limits on locality are intrinsic and unavoidable, these limitations should ultimately be a 
fundamental aspect of any such formulation. 

One way to gain sharper insight on these questions is via their investigation in contexts 
where we have greater control over the quantum dynamics. An example is two-dimensional 
quantum gravity, which is one of the few non-trivial diffeomorphism-invariant theories 
where we have analytic control. Particularly important in this context is the connection to 
perturbative string theory, which is of course treated as a diffeomorphism-invariant theory 
on the world sheet, and is very well understood. We will explore this connection in the 
subsequent sections, and find a controlled formulation of relational observables in that 
context. This will, moreover, illustrate some of the constraints on locality outlined in 



3. The two-dimensional model 

3.1. Review of 2d gravity 

Two-dimensional gravity is a simple yet non-trivial diffeomorphism-invariant theory [|i~3 



15] . While we are ultimately most interested in its lorentzian formulation, it can also be 



defined via the euclidean functional integral 

V 9 Vm e Slm, g] f3 ^ 

Vol(Diff) 6 ' ( ^ iJ 

for a given matter system, with m the matter degrees of freedom. Here g denotes the 2d 
metric, and S[m, g] the matter action. For the example of a free scalar field X , in standard 
string-theory notation, 

S[X,g] = / d 2 x^g ab d a Xd b X , (3.2) 

where the characteristic string length is of order y/c^. The Einstein action is trivial 
and omitted. One must divide by the volume of the gauge group, here diffeomorphisms, 
Vol(Diff). Locally the metric is diffeomorphic to a Weyl rescaling of the trivial metric, 



ds 2 = e^r] ab dx a dx b 
4 



(3.3) 



(with a = 0, 1); on a higher genus surface diffeomorphisms and Weyl rescalings reduce the 
general metric to one of a family of metrics, #(t 1 ), parametrized by a finite number of 
moduli r\ 

In a standard procedure, one thus reduces the integral over metrics to one over Weyl 
factors and moduli, together with a gauge-fixing determinant. The measure for the inte- 
grals over m, (p and the determinant have implicit dependence on the Weyl factor, which 
is described by the Liouville action 

S L [</>,g] = J^d 2 x^ (^g ab d a <pd b( p + . (3.4) 

For conformal matter m with conformal anomaly c, The amplitude ( |3.1|) then reduces to 

Z= I dgrdetgP [ Vg(/)V g me [{c - 2 ^ /487r]SL ^^e- s[rn ^ (3.5) 



with contributions c and +1 contributed to the coefficient from the matter and <p measures, 
and —26 from the gauge determinant det P; the remaining measures are defined using g, 
as explictly indicated. This provides a derivation for formulas found in ||T3|JT4] . 
The scalar field with normalization as in ( |3.2| ) can be defined as 



X = ^a'^<p. (3.6) 

Performing this rescaling on ( |3.5|) , one finds that in the special case c = 25, the Liouville 
theory simplifies to a free theory. For simplicity we will largely focus on this case. 

One can generalize ( |3.5| ) to calculate diffeomorphism-invariant correlators of operators. 
A given matter operator $^ with scaling dimension gets "dressed" with an anomalous 
4> dependence, 

y 2 = $ ie A ^. (3.7) 

The operator 

d 2 x^ l (3.1 



will then be diffeomorphism invariant for A, given by 

. 25-c 



At- 



24 



(3.9) 
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In the case c = 25, the gravitationally-dressed operator becomes 
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3.2. 2d relational observables 

Let us assume that the matter system consists of two free scalar fields X° and X , 
and some other matter with total central charge c' . In the case where this matter is 23 free 
scalar fields, the world-sheet dynamics is identical to that of the critical bosonic string. 
It will prove easiest to continue to lorentzian signature gravity on S , with world-sheet 
coordinates — oo < t < oo and < 6 < 2%. 

Following the discussion of section two, local observables should emerge in an ap- 
proximation from correlators of certain diffeomorphism-invariant relational observables in 
certain states. Let us first describe the states. These should satisfy the Wheeler-DeWitt 
equation, which in the present two-dimensional framework corresponds to the Virasoro 
constraints. 

Specifically, in analogy to the Z- model of 0, we want a background configuration 
with large field momenta. Classically, we can take 

X° =p°t , X 1 = R6 , (3.11) 

where the field X 1 is periodically identified, X 1 ~ X 1 + 2itR. In string language, this is a 
configuration with target-space energy p° and winding number w = 1 on a circle of radius 
R. Physical states, annihilated by the Virasoro generators, with these momenta are easily 
constructed; see e.g. ||16|| . In particular, the Virasoro constraint Lq = 1 implies that for 
the ground state of X oscillators and the other matter, 

(P°) 2 = ^f- ~ 2 , (3.12) 

where in conventional string nomenclature we have chosen a' = 2. We label this state 
\p°;w). 

Relational observables are readily constructed. Begin with a local operator Oi(x a ) of 
the d matter system, together with "momenta" kf = k\) and ki, and define 

Oi{kf; x a ) = exp{ifc?X + ik l X}O l (x a ) . (3.13) 

According to (|3~8|), ( |3.10| ), the integral 

6i(k?) = J d 2 x^Oi(kf; x a ) (3.14) 

6 



is a diffeomorphism invariant operator for 



ki 



25 



6a' 



1± \ 1 + 



24 



25 -c 



As H _ l 



(3.15) 



or, with c' = 23, 



fei = ±2 



1 - A,- kf 



a , 4 ■ (3-16) 

The idea, in analogy to the Z-model of 0, is to Fourier-transform this with respect to 
the kf, to localize the operator Oi with respect to the background provided by the state 
\p°;w). Specifically, one can definei 



Oi(xf) 



d 2 L 



[2tv 



(3.17) 



to localize the operator Oi at xf = (ti,8i), with a resolution determined by a. 

The next section will carefully treat correlators of operators such as ( p.l7|) . The 
special case c' = 23 is particularly simple, and there we can explicitly show that the 
relational observables indeed approximately produce correlators of the local operators Oi 
of the matter theory. We will also find quantum limitations on the localization, given in 
terms of the field momenta p°, R. 



4. Localization and limitations 

4-1. Correlators 



This section will show how correlators of the relational observables ( |3.14j ), ( pj.l7| ) in 



the background state corresponding to ( |3.11|) approximately reduce to correlators of the 
local operators Oi(x a ). This is technically simplest for d = 23, in which the mathematics 
is identical to that of the critical bosonic string. While we will focus on this case, the 
results should generalize. 

We first characterize the states and operators. The one-dimensional universe is taken 
to be a circle, with initial state \p , w = 1) described in the previous section. If the 
relation ( |3.12|) holds, this satisfies the 2d version of the Wheeler-deWitt equation. In string 



2 Note that since the direction X 1 is compact, more precisely the integral over k 1 should be a 
sum over quantized momenta. For large R this is nearly a continuum integral. 
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language, this is the ground state of the string with unit winding in the X 1 direction, which 
is compactified on a circle of radius R. (We work in units a' = 2.) 

The relational observables are integrals of the operators (|3.14| ) , for some given opera- 
tors Oi(x a ), i = 0, • • • , N, of the c' — 23 matter theory. In string language the operators 
( |3. 14j) thus correspond to vertex operators, integrated over the worldsheet. 
Kinematics 

Invariance under field translations, X a — > X a + v a , X — > X + v, implies that non- 
vanishing amplitudes must conserve the conjugate target space momenta. The relational 
observables have momenta k^ = (kf, ki). Moreover, the final state of the one-dimensional 
universe is taken to have momentum vector p M ' = (p 0> , 0,p'). The momenta p^' and /cq can 
thus be determined in terms of the other momenta. Specifically, define the total momentum 
of the initial state and the operators with % = 1, • • • , N, 



N 




(4.1) 



Target space momentum conservation then implies 



k'o = -P 1 ■ 



(4.2) 



One then needs to solve the mass-shell conditions (|3.12| ), ( |3.16|) and the remaining two 



momentum-conservation conditions for kg, kg, p ' , and p' . 
The solution is easily found, and is given by 





(4.3) 



(p0)2 _ p2 



with 



5 = 1 + 



(p ) 2 - P 2 
2 



(4.4) 



is then determined by "energy" conservation, 




(4.5) 



and p' and /cq by the mass-shell conditions 



(4.6) 
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and ( |3.16| ). Expanding at large R and thus p°, one finds the expected result 

p°' = p + o (^) ■ («) 

Lorentzian correlators 

Thus, the goal is to compute correlators of the form 

(p';w = l\l[6 i (k?)\p;w = l) . (4.8) 

i 

Having done so, their Fourier transform with respect to the kf, as in ( |3.17| ), is expected 
to give correlators of operators Oi localized in two-dimensional spacetime. 

A correlator of the form (|4.S| ) can be thought of as arising as a functional integral of 
the form ( |3.1j ) with the topology of the sphere and N + 3 operator insertions. As is familiar 
from string theory, the conformal symmetry allows us to fix the positions of three of the 
operators, which we take to correspond to the initial and final states in ( fOf) , as well as Oq. 
The amplitude can then be straightforwardly gauge fixed and computed in terms of Green 
functions on the sphere. However, we most easily obtain a tractable result by working in a 
lorentzian two-dimensional spacetime. This can be obtained by conformally mapping the 
sphere minus the two external- state points to the cylinder, and then analytically continuing 
to lorentzian time. 

While the correlators ( |4.8| ) can be computed directly in terms of the Green functions 
on the lorentzian cylinder, to make manifest contact with string theory formalism, we 
infer them from the well-known form of the Virasoro-Shapiro amplitude for four-tachyon 
scattering in c = 26 string theory. This is the correlator of four operators of the form 

V(k) = e lk ' x (4.9) 

with k 2 = 2. (For further details, see e.g. |fT6]| .) After gauge-fixing and in particular taking 
three of the operators to lie at the points z = (0, 1, oo), the amplitude becomes 

>W*,) = /AW**|i-4-*. (4,0) 

This expression converges for k{ ■ kj > —1, but to define it in a region corresponding to 
physical string scattering, k\ ■ k<i < —1, one must analytically continue. The analog of 
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the continued expression is what we seek for our problem. This is found by conformally 
mapping to the cylinder, z = e w , and then performing a Wick rotation: 



w = T + id -> i(t + 9) 



(4.11) 



This gives the expression 

dt / d9e 2lt e 2Ukl - k2 

-oo JO 



l-e lx 1 - e 



(4.12) 



where x = t ± 6. This integral is oscillatory as t — > ±oo, and thus can be defined (with 
an ie convergence factor), and in the physical region, where k<i ■ k^ > — 1, is convergent at 
t = 9 = 0. 

For the amplitude (|4.8|) , this can be straightforwardly generalized. As stated, xq is 
fixed to an arbitrary location by world-sheet translation symmetry. The resulting expres- 
sion is 

A=($';w=l\\[6 i {k1)\v;w=l) 

i 

= I (Hd 2 Xl e 2l A (p';w = l|n^; x?)\F,w = l) (413) 

\i=l ) i=0 

= j ^ d 2 Xie -^(2 P »/cr2)+ iei ^-2 l toP°fc V l e i?/=^ f{k, x <l) (j[Oi{x., 



with 



N 

i<j 



(4.14) 



Moreover, in the small k regime, \kf\ <C 1, 



h-kj = 2 + 0((k?) 2 ) . 



(4.15) 



As a result, in analogy to ( |4.12| ), the kinematics described above is such that, for operator 
dimensions Aj <C 1, the integral converges at Xi = Xj. The integrals are again oscillatory 
at ti — > ±oo, and thus well-defined with an ie prescription. Furthermore, by eqn. ( 4.15Q 
we can approximate 

/(fcijXiWfo) , (4.16) 
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independent of kf, with 

N 2 

/(*o = n - ' ,r; k< " - e "o] • ( 4 - 17 ) 

^.2. Localization on the worldsheet 

Given the lorentzian amplitude ( |4.13|) , one can now study its localization via the 
prescription (|3.17| ). Strictly speaking, the integral over the kf should be restricted to 
\kf\ <C 1 to take advantage of the above simplifications. This is essentially accomplished 
by taking a sufficiently large gaussian parameter, a>l. Moreover, finite R implies that k\ 
are quantized as n/R. However, for large R it is a good approximation to replace — > 
R J dk 1 . The integral over /cq is collapsed by the momentum conservation constraints 
described above. For simplicity we use translation invariance to set Xq — 0; otherwise the 
gaussian phases from ( |3.17| ) should also include Xq dependence. We find 

r N r°° ( N 



A' 



(p';w = l\Y[Oi(ki;Xi)\p;w = 1) 



i=0 

N 



(4-Ka 



2\N 



Y^ d 2 x . e 2it ie -(p°/a) 2 (U-U) 2 -(R/2a) 2 ( 



\i=l 




(4.18) 



where we drop subleading terms in the 1/R and 1/p expansions. 

Thus, up to an overall factor, this expression has reduced to the promised correlator of 
the operators Oi(xi) of the d = 23 matter theory, localized near the points (ti, 9i) specified 
in the definition of the relational observables. The points with i > are specified relative 
to an arbitrarily chosen to = 9q = 0. As expected, the localization is not infinitely precise; 
the resolutions are 

At ~ a/p° , AO ~ a/R . (4.19) 

4-3. Limitations on localization 

As described in our general discussion, relational observables here approximately re- 
duce to local operators, but there are intrinsic limits to the precision to which they are 
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localized. The present example clearly illustrates this, through equation ( 4.19 ). Specifi- 
cally, recall that we only obtain the expression ( ]4.18| ) in the limit a ^> 1; this limits the 
resolution for fixed background field momenta p°, R. 

Notice that these limitations also make sense in the string-theory interpretation. The 
worldsheet statement A9>l/R translates into the target space statement AX^l, as 
illustrated in the figure. This corresponds to the statement that target-space localization 
is limited by the string scale. On the other hand, by taking the circle around which the 
string wraps to be larger, there is no limit on the worldsheet resolution. 



□ 



□ 



Fig. 1: As p°,R are increased with £ s held fixed, a string-scale area on the 
worldsheet becomes smaller relative to the worldsheet area. 



These do not conform to all of the expectations for higher-dimensional relational 
observables, but there are reasons for this. First off, as explained in in a theory with a 
cutoff the resolution to which we can localize is limited by the cutoff. In the present case 
there is no such limitation - the resolution is arbitrarily fine. This is related to the fact 



that no cutoff was needed to define the integral ( 4.18 ) for sufficiently small ki and Aj, and 
appears related to conformal symmetry. Secondly, in higher dimensions, the backreaction 
of the gravitational field limits the size of the field momenta[|l[. But here, due to the 
relative triviality of 2d gravity, there is no analogous gravitational limitation on p° and R. 
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5. Discussion 

The two-dimensional example of this paper furnishes one concrete starting point for 
thinking about relational observables. It is interesting to consider both lessons and possible 
features of the generalization to higher dimensions, amplifying and extending discussion 
in [[p. Ultimately a deeper understanding of these could be important both to shed light 
on the fundamental quantum dynamics of gravity, and on other important gravitational 
issues such as the interpretation of eternal inflation. 

First, in the present example, amplitudes that correspond to correlators of relational 
observables can be defined, whether or not we work in a background such that we ap- 
proximately recover correlators of local operators. This is clear upon reconsidering am- 
plitudes of the form ( f4.18| ) where for example the background state doesn't have large 
momentum/winding. Thus we have a notion of precise correlators of quantum-mechanical 
observables that can be computed, but localization is imprecise and only emerges in an ap- 
proximation in certain states and for certain operators. Moreover, a measurement frame- 
work for two-dimensional observers would only be expected to arise for certain states, as 
is further described in UJ. These comments for example stand in contrast to discussion in 
||17|| , which suggested inherent imprecision in defining observables. 

Of course, as we have noted, the relative triviality of two-dimensional gravity means 
we don't encounter some of the limits arising in higher dimensional gravity, and it is im- 
portant to contemplate how the story would differ there. At long distances the correct 
theory of gravity is believed to be Einstein's general relativity, but as yet we lack a com- 
plete quantum formulation; string theory could be such a formulation, but has not yet 
answered some fundamental and critical gravitational questions. Moreover, if the limita- 
tions on localization that are apparently emerging are indeed fundamental, as expected, 
any fundamental formulation should incorporate these limitations. 

Since string theory is a good candidate for a quantum theory of gravity, it is interesting 
to contemplate how one would formulate relational observables there. In particular one 
needs to identify gauge-invariant operators. The intricate gauge symmetries of string 
theory are apparently powerful constraints on such operators. Particularly of interest is 
the closed string case, which describes gravity. For example, if one were to start with 
a closed string field theory formulation, such as in |fT5| , one candidate for a relational 
observable is the derivative of the action with respect to the string coupling, 9 3 S , [\E']. This 
gives a gauge-invariant object whose leading term is a cubic expression in string fields. In 
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certain states, therefore, this should act like a relational observable in analogy to those in 
the r ip 2 4> model described in [0J. We hope to explore these points further in the future. 

A reasonable viewpoint is that, whatever the fundamental theory is, it is quantum- 
mechanical, and thus described by a space of states respecting quantum superposition. 
Whatever this space is, it is also very reasonable to believe that these states are well 
described by quantum field theory coupled to general relativity in the low-energy regime, 
but that it may have no local description on a fundamental level. In some contexts it may 
even be finite-dimensional [pT9|j20f| . Moreover, it may have no intrinsic definition of time; for 
example, in the limit where general relativity is valid, we seek solutions of the Wheeler- 
deWitt equation, = 0. A natural conjecture, extending the discussion of this paper, 
is that quantum observables can be defined on this space of states, and some of these can 
be thought of as relational observables. The ones that are would approximately reduce to 
local field theory observables in certain states. Conversely, the limitations on locality that 
we expect from pushing the limits of our low-energy/long-distance analysis are expected to 
specifically furnish important constraints on the structure of the space of states. Some of 
these restrictions could be summarized by a gravitational nonlocality principle - the locality 
boundP JTO| , |ril , its multiparticle generalization fT!| , instrumentation bounds as described 
in and/or other related constraints arising from features of quantum mechanics and 
gravity. 
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